In the paper a novel mathematical model of electromechanical actuator is presented. It is based on application of Hamiltonian equations in the description of electromechanical energy conversion. It results in employment of flux linkages as state variables in the state space equations. For simplicity only a 3-phase wye connected stator winding without a neutral wire is considered in detail. The procedure can be generalised to any number of phases. Topology-based approach is used in the model implementation. Procedures for evaluation of all quantities (currents, energy/coenergy, electromagnetic torque) present in model equations are described. Eddy currents and hysteresis phenolmenon are neglected in formulation of the model to enable application of state-space description.
Introduction
Modern synchronous drives both with reluctance motors (SynRM) and permanent magnet motors (PMSM, BLDC) employ very sophisticated control schemes [3] . It enables their application in the most complicated servo-drives and positioning systems. Therefore, in their design and optimisation a very accurate mathematical models are necessary. Nowadays such models are based on field-circuit discrete modellers using Finite Element Method (FEM) coupled with circuit solvers like Simplorer and Simulink [14, 20, 29] . There appear attempts to apply field-circuit model for control design [14, 20, 21] . Both direct and indirect coupling between FEM and circuits is employed [20, 29, 31, 36, 42] .
On the contrary, in the design of control algorithms commonly-used circuit models are mostly very simple, only slightly different from original Park dq0 model proposed around 1920s [33] . Therefore it is very difficult to account for certain phenomena (e.g. MMF harmonics, slotting effects in SynRM or cogging torques in PMSM/BLDC) in the designing stage of the drive control algorithm. Their influence (e.g. vibrations, parasitic torques) is commonly treated as an outer disturbance. Electromechanical actuator circuit models which account for such the phenomena are very complicated which makes them difficult to apply for designing electric drives, although such attempts are made [24, 39] . It is especially important for sensorless drives [3, 4, 32] .
In the paper a novel mathematical model of electromechanical actuator is presented. It is based on application of Hamiltonian equations in description of electromechanical energy conversion which results in employment of flux linkages as state variables in the state-space equations [37, 39] . For simplicity of description only a 3-phase wye-connected stator winding without a neutral wire is considered in details. This connection scheme is the most important from practical viewpoint [3, 4] . The procedure can be extended to any number of phases and an arbitrary connection schema. In formulation of the model the eddy currents and hysteresis phenomenon were neglected to enable application of Hamiltonian formalism [37] .
The model is formulated in natural (phase) reference frame. It is shown that for a 3-phase wye-connected stator winding without neutral wire a 2-phase equivalent generalised circuit can be obtained. The voltage circuit equations are established using Kirchhoff's equations with flux linkages as state variables which is a result of Hamiltonian approach. The most important problem arising in this approach is evaluation of currents as function of flux linkages in multivariable space [7, 8, 39] . The proposed solution is based on the triangulation of databases (obtained using FEM [7, 8] or a measurement [42] ) and application of local linear (affine) homeomorphism between the spaces of variables [P. I] [19] (space of currents and space of flux linkages). In algebraic topology this approach is defined as simplical approximation [2, 16, 40, 44] . Similar approach is used in description of non-linear circuits and networks [9, 10, 23, 41] .
An electromechanical actuator state space model using Hamiltonian equations
Application of Hamiltonian equations in analysis of electromechanical actuators is very uncommon although it is equivalent to Lagrange equations [35, 37, 39] . In physics (e.g. relativistic mechanics [43] ) the Hamiltonian equations are even more popular than Lagrange equations [10, 22] . In case of electromechanical actuators potential advantage of Hamiltonian description is the canonical form of these equations. The state of the system can be uniquely described using the so-called Hamiltonian H [22, 39] :
where E mag -magnetic field energy, E k -kinetic energy of mechanical part of the system, E ppotential energy of the system. When the machine with m insulated phase windings A, B,…, M is considered the magnetic field energy can be described by the following formula [39] :
where ϕ -angular position of the rotor (Fig. 2) ,
T -vector of phase currents. Equation (2) can also be written in the more general form for arbitrary variation of the flux linkages [37] :
where two forms of vector dot product representation used in this paper, vector and matrix, are shown. When the w holonomic constraints are imposed on the system the number of degrees of freedom can be reduced [37, 43] . The state of the system is then described by N + 1 independent canonical equations where N = m-w:
j 0 {1, …, N + 1} with additional N + 1 equations defining relationship between generalised momenta and generalised velocities: 
cities, ω -angular velocity, i -vector of generalised electrical velocities (currents).
In the analysed cases such constraints are result of a connection scheme (e.g. wye without neutral wire). When there are no potential energy elements in the system the Hamiltonian can be re-written into a simpler form:
There exists a relationship connecting energy and coenergy of the magnetic field defined by Legendre transformation [22, 37] :
,
n n (8) where the coenergy is:
The coenergy is much more popular in the description of electromechanical actuators as it is present in the Lagrange equations [37, 39, 43] .
In matrix form the equations (4), (5) can be written separately for electric and mechanical degrees of freedom:
, Therefore, for each schema its voltage equation can be written in two different forms: C Kirchhoff's form -using phase variable description; denoted by (K.), C Hamiltonian form -using generalised variable description; denoted by (H.). The voltage equations are: C for wye with neutral wire (w = 0, N = m)
C for wye without neutral wire (w = 1, N = m ! 1)
In case of two first connection schemas (wye with neutral wire, delta) the number of degrees of freedom is unchanged and the resistance matrices are diagonal and equal to the phase resistance matrix.
The generalised variables in case of wye connection with neutral wire are same with phase variables (11) .
In case of the delta connection the generalised external electric forces u 1 ,u 2 ,u 3 are line-toline voltages e AC , e BA , e CB whilst all the other generalised variables are phase variables (12) .
The most interesting case from practical point of view is wye without neutral wire. Application of Hamiltonian approach (13) shows that:
C flux linkages ψ AC , ψ BC -line-to-line flux linkages being linear combinations of phase flux linkages
C voltages e AC , e BC -line-to-line voltages being linear combinations of phase voltages e AC = e A ! e C , e BC = e B ! e C are generalised external electric forces u 1 , u 2 , C currents i A , i B -being simultaneously the loop and phase currents are generalised electric velocities i 1 , i 2 , C the resistance matrix is symmetric but non-diagonal.
The 3-phase wye connected stator winding without neutral wire will be considered in detail in the further description.
Physical interpretation of the equivalent generalised circuit for 3-phase wye connected stator winding without neutral wire
Purely mathematical results obtained in previous section can be augmented with their physical interpretation.
Equation (13) is used to propose a 2-phase physical interpretation of the equivalent circuit for 3-phase machine with wye-connected stator winding without neutral wire. Its derivation is shown in Fig. 3 . The first schema (Fig. 3a) is obtained by decomposition of the winding of phase C (Fig. 2c, flux linkage ψ C , current i C = !(i A + i B ) ) into two perfectly coupled fictitious coils (each with flux linkage ψ C ) connected in series with the phase A and B windings, respectively. These two fictitious coils have the same parameters (distribution, number of turns) like the phase winding C. In the resulting rearranged circuit, shown in Fig. 3b , these are merged with phase windings thus creating 2-phase generalised windings AC and BC. The rotation is a result of geometric summation of the magnetomotive forces of coils containing both 2-phase generalised windings. Schema in Fig. 3b shows final position of the windings and triangle of supplying line-to-line voltages in which e AC and e BC are generalised external voltages in the circuit.
The terms generalised windings and generalised circuit (Fig. 3c ) are used as these describe electric equations of HMEA.
The same result can be obtained with the help of separation principle [17] or u s -shift (voltage source-shift) property [9] , based on generalised Kirchhoff's laws.
Comparison of classical Lagrange actuator models and proposed HMEA -conclusions
To compare the proposed Hamiltonian approach with the classical Lagrange one the equation describing electric circuit is written in the classical form with currents as state variables which is derived from Lagrange equations (Fig. 4) [39]:
where the following relationships hold:
( ) 
.
The main problem in successful implementation of the above equation is necessity of evaluation of dynamic inductance matrix which incorporates one nonlinear and N linear field solutions with "frozen reluctance value". This process in extremely time-consuming [15, 30] . In equations (14) another differentiation with respect to angle is necessary, which can be very demanding when effects related to slotting are accounted for (like slot reluctance or cogging torques [24, 32] ). It must be underlined that in the HMEA there is no need for any differentiation in its electrical equations neither versus flux linkage nor versus angle (Fig. 1, Eq. (10) ).
In the theory of electric machines a very important role play circuit models which can be called Simplified Lagrange models. In their development some additional assumptions are made in order to simplify the problem solution and make it more useful from practical point of view. Those assumptions are:
C decomposition of the magnetic field into main and leakage fluxes, C assumption of sinusoidal spatial field distribution with only one or two space harmonics considered in the model [6, 25, 38] , C main magnetic flux paths are considered to saturate as a result of total MMF produced by all the machine windings, C leakage magnetic flux paths of the windings are considered to saturate as a result of their individual MMF [38] or as non-saturated [6] . Either inductances [6] or co-energy based quantities [38] are used in the development of those models.
In Table 1 main properties of the three above described models: a) Lagrange model, b) Simplified Lagrange model, c) HMEA which has two implementations:
C with uniform databases [7, 8] -used as a reference model in the paper, C with triangulated databases -described in [P. I] of the current paper (with autonomous algorithm for electromagnetic torque evaluation), are compared using the following criteria:
C main features of the model, C properties of the model equations, C possible practical applications.
Main conclusions can be summarised as follows. C The most important advantage of the HMEA compared to Simplified Lagrange model is that magnetic field is analysed without decomposition into main and leakage fluxes as the model uses databases with global values of currents/flux linkages [7, 38] . It enables direct usage of data obtained using either FEM or measurement [26, 42] . Evaluation of energy/ /coenergy (Sec. 2.4 in [P. I]) and electromagnetic torque (Sec. 2.6 in [P. I]) is performed in the model using currents/flux linkage databases making the model self-contained, C Another advantage of the HMEA compared to both Lagrange circuit models is that it is not necessary to calculate equivalent parameters (static and dynamic inductances, self and mutual inductances) which is extremely time-consuming in case of saturated core [15, 30] .
The second conclusion is perhaps the most profound difference between Hamiltonian and Lagrangian approach to saturated electromechanical actuators. 6 . Application of HMEA to an exemplary reluctance cageless motor
Description of numerical model
Data for the motor model presented in the whole paper were obtained with the help of the FEMM software (Fig. 5) [28] . Machine FE model was created for the prototype reluctance (Fig. 5) . In Table 2 a comparison between uniform and triangulated databases used in different implementations of HMEA is presented. Main problem of uniform databases is clearly visible -incorrect description of saturation phenomenon in highly saturated regions [7] . Table 3 show that compatibility of results between different implementations of HMEA (reference & proposed) both for current and torque is very good. To enable better verification enlarged figures were added showing 0.25 [s] of the waveforms. It is especially important in case of torque as values for proposed model are internally evaluated using algorithm described in [P. I] while in case of reference model values were obtained using approximation of FEM data. Furthermore the proposed model overcame the main drawback of the reference model related to limited database range often resulting in Loss of Stability due to overflow (LofS., Table 2 , Table 3 ) [7] . 
There is, unfortunately, also one important disadvantage of the proposed HMEA implementation. Evaluation time is much longer compared to the reference one (Table 4, Table 6 ) [8] . The reason for this problem is poor computation speed which can be achieved using TriRep/DelaunayTri structures compared to Lookup Tables used for interpolation in case of reference implementation [2, 27] .
Though it must be underlined that the reference HMEA implementation is based on pure interpolation of uniform databases while the proposed HMEA implementation with triangulated databases enables independent evaluation of torque making it self-contained. Fourier harmonic analysis (Table 7) was applied to the last period of the waveforms which can be regarded as steady state operation.
Results in Table 5 and Table 7 show that proposed HMEA properly describes: Table 7 ), C appearance of additional component of frequency f 3 = 3f = 30 [Hz] in current waveform which is evident in plots for ω = !ω s (current harmonics in Table 7 ) [34] . 
General remarks
In the formulation of the HMEA only two assumptions were made: C eddy currents are neglected, C hysteresis phenomenon is neglected, necessary to apply Hamiltonian state-space description [37] . No other assumptions traditionally used in circuit models of electromechanical actuators are necessary [25, 39] .
Therefore, in the HMEA it is possible to account simultaneously for the following phenomena:
C saturation effect, C MMF harmonics, C slotting of magnetic cores [24] , C cogging effect (when applied to BLDC/PMSM [32] ). Table 7 . Harmonic analysis of results for ω = const
Above mentioned capabilities of proposed HMEA implementation are based on assumed topology of databases (local linear homeomorphism [19, 40] ). Similar approach has been used in description of electronic nonlinear circuits and networks for decades [41] . To apply this approach for electromechanical actuators one must use proper current sets I k , k 0 {1, …, K} to ensure that local behaviour of analysed variables can be treated as linear. The solution of this problem could be found in procedures used in Finite Element Analysis FEA [29] . Initially sets I k could be quite coarse and then -based on the shape of obtained hypersurfaces (Tables 5, 6 in [P. I]) -additional points could be introduced in order to increase accuracy of representa-tion of saturation phenomena. That procedure would be quite similar to mesh refinement in FEA [29] . TriRep/DelaunayTri structures in Matlab are capable of such changes in the data [27] . Their drawback is speed which results in much longer evaluation time compared to uniform database (Table 4, Table 6 ). This problem could be solved in the future when full parallel algorithm using CUDA (Compute Unified Device Architecture) technology for Graphic Processor Units GPU NVIDIA is applied (due in Matlab relase 2010b) [45] . Another possibility which can be applied in the model is application of higher-order polynomial interpolation which is also extensively employed in FEA [29] . However that would lead to loss of local invertibility of approximations / Presented results show that the following issues need further investigation: C optimisation of algorithm time performance (e.g. CUDA technology), C comparison of different algorithms of torque calculations [1, 11, 13, 29] :
-employment of methods based on energy and coenergy, -global Fourier series/FFT for coenergy as data obtained using FEM allow to create a uniform database thus enabling off-line evaluation of Fourier series coefficients in the vertices of triangulation T k (I k , IK k ) as it would be the same for any k [P. I], C determination of measurement procedure for database identification [26, 42] .
Electromagnetic torque evaluation using Fourier series / FFT would be similar to methods used in standard analysis of electromechanical actuators [4, 25, 37, 39] .
